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Exercise 1.1 Consider the red wave shown in Fig. E1.1. What is the wave’s (a) amplitude, (b) wavelength, and (c) 
frequency, given that its phase velocity is 6 m/s? 


v (volts) 
6 
4 
2 
0 x (cm) 
-2 1 5 
=4 
-6 
Figure E1.1 
Solution: 
(a) A—6 V. 
(b) A = 4 cm. 
NL MN M 
©) f= 2 = Zap = 150 He. 
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Exercise 1.2 The wave shown in red in Fig. E1.2 is given by v = Scos2at/8. Of the following four equations: 
(1) v = Scos(2at/8 — 7/4), 
(2) v =Scos(2at/8+ 7/4), 
(3) v = —5cos(2z1/8 — 7/4), 
(4) v = 5sin2z1/8, 


(a) which equation applies to the green wave? (b) which equation applies to the blue wave? 


v (volts) 


Figure E1.2 


Solution: 

(a) The green wave has an amplitude of 5 V and a period T — 8 s. Its peak occurs earlier than that of the red wave; hence, 
its constant phase angle is positive relative to that of the red wave. A full cycle of 8 s corresponds to 27 in phase. The green 
wave crosses the time axis 1 s sooner than the red wave. Hence, its phase angle is 


T 
Go = 8 x 2x = 4 r 
Consequently, 
v = 5cos(2zt/T + Qo) 
= Scos(2at/7+ 7/4), 
which is given by #2. 


(b) The blue wave’s period T = 8 s. Its phase angle is delayed relative to the red wave by 2 s. Hence, the phase angle is 
negative and given by 


T 
Á--1x20--7, 
and 
v = 5cos (= = z) 
8 2 
= 5sin2zt/8, 
which is given by #4. 
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Exercise 1.3 The electric field of a traveling electromagnetic wave is given by 
E(z,t) = 10cos(x x 107t + xz/15--x/6) (V/m). 
Determine (a) the direction of wave propagation, (b) the wave frequency f, (c) its wavelength A, and (d) its phase velocity up. 
Solution: 
(a) —z-direction because the signs of the coefficients of t and z are both positive. 


(b) From the given expression, 
Q—nzx10/ (rad/s). 


Hence, 
o 7x10! s 
— = 10? Hz = 5 MHz. 
f on = 5 x 10° Hz=5 Z 
(c) From the given expression, 
2m T 
à 15` 


Hence A = 30 m. 


(d) up = fà 5x10 x 30 = 1.5 x 10^ m/s. 
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Exercise 1.4 Consider the red wave shown in Fig. E1.4. What is the wave's (a) amplitude (at x = 0), (b) wavelength, and 
(c) attenuation constant? 


v (volts) 
5 (2.8, 4.23) 


Figure E1.4 


Solution: The wave shown in the figure exhibits a sinusoidal variation in x and its amplitude decreases as a function of x. 
Hence, it can be described by the general expression 


v = Ae" cos (= + tv) . 
À 
From the given coordinates of the first two peaks, we deduce that 
A =8.4— 2.8 = 5.6 cm. 
At x —0, v = —5 V and it occurs exactly À /2 before the first peak. Hence, the wave amplitude is 5 V, and from 
—5 = 5cos(0 + go), 


it follows that 


o =T. 
Consequently, 
27x 
v= 5e- “cos | —— +7]. 
i E * ) 
In view of the relation cosx = —cos(x+7), v can be expressed as 
. 20x 
v = —5e “cos—— (V). 
€ ' COS 56 (V) 


We can describe the amplitude as 5 V for a wave with a constant phase angle of 7, or as —5 V with a phase angle of zero. 
At x — 2.8 cm, 


v(x —2.8) = 4.23 = —5e 799 cos e 


= 57284 
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Hence, 


~~ 1 4.23 
æ = —— In (=) = 0.06 Np/cm. 
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Exercise 1.5 The red wave shown in Fig. E1.5 is given by v = 5cos4zx (V). What expression is applicable to (a) the 


blue wave and (b) the green wave? 


v (volts) 


x (m) 


Figure E1.5 


Solution: At x =0, all three waves start at their peak value of 5 V. Also, A = 0.5 m for all three waves. Hence, they share 


the general form 


2nx 


— 0x 
cos —— 
À 


v = Ae 


= Se “cos4ax (V). 


For the red wave, a = 0. 


For the blue wave, 
3.52 = 5e 0?" => = —0.7 Np/m. 


For the green wave, 
1.00 25e 09* => 9 —32 Np/m. 


Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics ©2010 Prentice Hall 


Exercise 1.6 An electromagnetic wave is propagating in the z-direction in a lossy medium with attenuation constant 


a = 0.5 Np/m. If the wave's electric-field amplitude is 100 V/m at z = 0, how far can the wave travel before its amplitude 
will have been reduced to (a) 10 V/m, (b) 1 V/m, (c) 1 uV/m? 


Solution: 
(a) 
100e ?* = 10 
100e-9?: = 10 
e 9% 20.1 
—0.5z = ln0.1 = —2.3 
z—4.6 m. 
(b) 
l0ge- °F 
In0.01 
= —9.2 
Zz 5 9.2m 
(c) 


100e-9?: = 1076 


In 10-3 
=a m 7 
Zz 05 37m 
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Exercise 1.7 ^ Express the following complex functions in polar form: 


Z= (4— j3}, 
zo = (4— j3)!2. 


Solution: 
zı = (4- j3} 
m G E957 = i 
= [5436.87]? = 25/-73.7° | 


z = (4— j3)!? 


= [e 3 puo 1/2 


= [5436.87] !/? = 4/5 7-184^ | 
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Exercise 1.8 Show that ,/27 =+(1+ j). 


Solution: 


e/*? = 0+ jsin(z/2) = j 


2j 2 [2e}7/2]1/2 = ty eit/4 
= «v2 (cos z/4 4- jsinz/4) 
1 .1 
een) 
= (1+ 7). 
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Exercise 1.9 A series RL circuit is connected to a voltage source given by v(t) = 150cos œt (V). Find (a) the phasor 
current / and (b) the instantaneous current i(t) for R = 400 Q, L= 3 mH, and œ = 10? rad/s. 


Solution: 


(a) From Example 1-4, 


Vs 
R+ joL 
= 150 
~ 400+ 710° x 3 x 103 
|| 150 
~ 400+ j300 


[= 


= 0.32236. (A). 


(b) 
i(t) = 8Re[Ie7""] 
= Re[0.3e- 76" 9/107 


= 0.3cos(10°t —36.9°) (A). 
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Exercise 1.10 A phasor voltage is given by V = j5 V. Find v(t). 
Solution: 
V = j5= 5e? 
v(t) = Re[Vel™] 
= Re[Sel*/2 9 jen 


= 5cos (ox + =) = —5sino (V). 
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Exercise 2.1 ^ Use Table 2-1 to compute the line parameters of a two-wire air line whose wires are separated by a distance 
of 2 cm, and each is 1 mm in radius. The wires may be treated as perfect conductors with o; = co. 


Solution: Two-wire air line: Because medium between wires is air, € = £y, U = Lio and o = 0. 


d — 2 cm, a= 1 mm, Oc = oo 


Ho d 
p=] — 
m” i) 


- (e) Meg 


=4x 107" In[10+ v99] 2 1.2. (LH/m). 
G'—0 because o = 0 


: 1 —12 
C= DEO = ESS 2009 Gein, 
infer y(gy—a] nor vee 
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Exercise 2.2 Calculate the transmission line parameters at 1 MHz for a rigid coaxial air line with an inner conductor 
diameter of 0.6 cm and an outer conductor diameter of 1.2 cm. The conductors are made of copper [see Appendix B for LU, 


and o, of copper]. 


Solution: Coaxial air line: Because medium between wires is air, € = £y, U = Uo ando = 0. 


a=0.3 cm, b=0.6 cm, Le = Ho, 6, = 5.8 x 107 S/m 


R; = V Tf Me /Oc 


= [m x 10° x 4z x 1077/(5.8 x 107)]!/? = 2.6 x 1074 Q. 


a b 2x 3x103 6x10 


—4 


4z x 1077 
v-Puw()- —_ In2=0.14 (uH/m) 


G =0 because o = 0 


2z€ 2m x 8.85 x 107? 
/ 
= - — 80.3. (pF/m). 
S at la n2 305 PEE) 
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Exercise 2.3 Verify that Eq. (2.26a) is indeed a solution of the wave equation given by Eq. (2.21). 


Solution: 
V(z) = We VS e” 


d? V (z) 


dz _ Y V(z) 


d? 
dd (Vje - Vy e*) — (Ve Vy e") 


9 


=0 


Y Vg e * - Y Vy e y Vg e Y — Y' Vo e =0. 
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Exercise 2.4 A two-wire air line has the following line parameters: R’ = 0.404 (mQ/m), L’ = 2.0 (uH/m), G' = 0, and 
C’ = 5.56 (pF/m). For operation at 5 kHz, determine (a) the attenuation constant a, (b) the phase constant D, (c) the phase 
velocity up, and (d) the characteristic impedance Zo. 


Solution: Given: 


R' = 0.404 (mQ/m), G' — 0, 
I/ = 2.0 (uH/m), C' — 5.56 (pF/m). 


(a) 
a= Ref [R + jol!)(G'+ joc')]"/?} 
= Re { [(0.404 x 1073 + j2z x 5x 103 x 2 x 107°) (0+ j2m x 5 x 103 x 5.56 x oy} 


= Re[3.37 x 1077 + j1.05 x 1074] 
a —3.37 x10 7 (Np/m). 


(b) From part (a), 


B = Im{ [(R' + jo (G + joc^]? Y 
—1.05x10-^ (rad/m). 


(c) : 
OQ 2zxx5x10 
eTocs c Mu 
(d) 
R' jol 
0" a+ jp 


|. 0.404 x 102 + j5 x 10 x 2 x 1076 
—... 8.337 x 1077 + j1.05 x 10-4 
= (600 — j2) Q. 
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Exercise 2.5 For a lossless transmission line, A = 20.7 cm at 1 GHz. Find £, of the insulating material. 


Solution: 


O Ao m C J 3x 108 "S 
=la) AA) | Ax108x207x102) ^7 
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Exercise 2.6 A lossless transmission line uses a dielectric insulating material with €, = 4. If its line capacitance is C’ = 10 
(pF/m), find (a) the phase velocity up, (b) the line inductance L’, and (c) the characteristic impedance Zo. 


Solution: 
(a) : 
C 3x10 
Up = = = 1.5 x 10° m/s. 
VE V4 
(b) 
1 2 1 
Trou! a 
"LM : —445 (uH/m) 
"aC  (L5x1082x10x10-2 779 MEUM 
(c) " 
L 4.45 x 10-6 
"Ve ( 10 x 10-2 ) M 
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Exercise 2.7 A 50-Q lossless transmission line is terminated in a load impedance Z; = (30 — j200) Q. Calculate the 
voltage reflection coefficient at the load. 


Z = Z 


— ZL Zo 


30— j200—50 . —20-— j200 ; 
= = = 0.932275". 
(30 — j200)+50  80— j200 
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Exercise 2.8 A 150-Q lossless line is terminated in a capacitor whose impedance is Zg = — j30 Q. Calculate T. 
Solution: 

ZL-Z 

In 
ZL t Zo 
— j30 — 150 o 
E NS EVER 
— j30 4- 150 
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Exercise 2.9 | Use CD Module 2.4 to generate the voltage and current standing-wave patterns for a 50-Q line of length 1.54, 
terminated in an inductance with Z;, = j140 Q. 


Solution: Standing-wave patterns generated with the help of DVD Module 2.4 are shown. 


Module 2.4 Transmission Line Simulator Options: View Plots (phasors) T 
4. 


d= 


= 2 = = 
864.073 _ @|V|= 446.402 [mV] d =0391A 117.3 mm 


1 V1 
[mV] 


o 
9|I|714797 [mA] 3|Vil ! Zo 


i 
Standing Wave Pattern - | V | & |1] 
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Exercise 2.10 — If I = 0.526 and A = 24 cm, find the locations of the voltage maximum and minimum nearest to the 
load. 


Solution: 


T=0.52-60 , A = 24cm 


AA A : : 
Ina ao + 7 (because 0, is negative) 
— 24 24 
= R + cm = [—2+12] cm = 10 cm. 
4n 2 


(because Imax > À /4) 


Lmin = Imax = 4 


24 
= (10- 1) cm — 4 cm. 
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Exercise 2.11 A 140-Q lossless line is terminated in a load impedance Z, = (280+ j182) Q. If A = 72 cm, find (a) the 
reflection coefficient I’, (b) the voltage standing-wave ratio S, (c) the locations of voltage maxima, and (d) the locations of 
voltage minima. 


Solution: 
Zo = 140 Q, Zı = (280+ j182) Q 
(a) 
r=- ZL — Zo 
ZL + Zo 
2 i = : 
= law Be 140 B re gne 20529. 
2804-j182-4-140 420+ j182 
(b) 
Sa 1+ [T] 1405. 15 23 
|.1-[| 1-05 05 ` 
(c) 
OA na 
Imax = "AS —0,1,2,... 
un 3 ji 
(297/180) x 0.72 nx 0.72 
z + 
4z 2 
= (2.9--36n) (cm), n —0,1,2,... 
(d) 
lin = Imax T— 


4 
72 
= (2.9+-360) P] cm 


= (20.9 -- 361) cm, ne l2. 


Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics ©2010 Prentice Hall 


Exercise 2.12 A 50-Q lossless transmission line uses an insulating material with €; = 2.25. When terminated in an open 
circuit, how long should the line be for its input impedance to be equivalent to a 10-pF capacitor at 50 MHz? 


Solution: For a 10-pF capacitor at 50 MHz, 


"TM -j a 1000 o 
© j@C 2nx50x 10° x 10x 10-2 T 
2n NY&_ Nf JE 

pays Ào c 

(2g x5x104/2.25 


= 1.57  (rad/m). 


3x 108 


For lossless lines with open-circuit termination, 


Zin = —jZo cot Bl = — j50cot 1.571 


Hence, 
1 
ee = —j50cot1.571 
T 
or 
1—5.68 (cm). 
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Exercise 2.13 A 300-Q feedline is to be connected to a 3-m long, 150-Q line terminated in a 150-Q resistor. Both lines are 
lossless and use air as the insulating material, and the operating frequency is 50 MHz. Determine (a) the input impedance of 
the 3-m long line, (b) the voltage standing-wave ratio on the feedline, and (c) the characteristic impedance of a quarter-wave 
transformer were it to be used between the two lines in order to achieve S = 1 on the feedline. 


Solution: At 50 MHz, 


3 x 108 
A= = — Z= = " 
u= sq em 
(a) iS 
`= =0.5. 
À 6 
Hence, Zin = ZL =150 Q. (Zin = ZL if Z = na /2.) 
(b) 
_ Zin—Zo 150-300 -150 1 
— Za Zo 1504300 450 3 
ş— LHF] 1+4 4/3 
= 1-|] 1-1 2/3 
(c) 


Z% = Z1 Z; = 300 x 150 = 45,000 


Zo = 212.1 Q. 


where Z is the feedline and Z3 is Zin of part (a). 
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Exercise 2.14 For a 50-Q lossless transmission line terminated in a load impedance Z; = (100+ j50) Q, determine the 
fraction of the average incident power reflected by the load. 


Solution: 
Z = 
r-& Zo 
ZL + Zo 
| 1002-j50—50 50+ j50 
~ 100+ j50+50 150+ j50 


= 0.457266. 


Fraction of reflected power = |I|? = (0.45)? = 20%. 
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Exercise 2.15 For the line of Exercise 2.14, what is the magnitude of the average reflected power if Iv =1 V? 
Solution: 
Iv? 02x1 


Pa = IEP 27; 2x50 


—2 (mW). 
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Exercise 2.16 


(matched load). 


Solution: 


(a) 


(b) 


(c) 


(d) 


Use the Smith chart to find the values of I' corresponding to the following normalized load impedances: 
(a) zp =2+ 0, (b) z = 1 — j1, (c) zp = 0.5 — j2, (d) zt = — J3, (e) zi = 0 (short circuit), (f) zL = ee (open circuit), (g) zL = 1 


Tot 2 T | 
E e 3 > 
Core Ej 1 


06 
0. 


tt rrr i LLL T a 
RESISTANCE COMPONENT (R/Zo), OR CONDUCTANCE COMPONENT (G/Yo 


^ p? 
99 X A SIS 
S 
es 4 
$ KSOS KX 
SU 57 
x C 
< " d "dh x XS 
] 
D 
CX fs i ] 
e À T 
s I 
xar Pi : | 
os, Fi f "ej aaa 
cies a 
EE B 
ey ra ] 0 
SOME Fh, 
Cre 3j V 
Ra OTN Or EJ e [5 
Sue. y od, = ES FO en xS 


OA 
D--—/8-0.3 
OR 

OB 

T= —/&— 0454-6: 
OR 
OC 

T= 


B ee —50.9° 
OR 3 = 0.83 


OD 
T= L 79 = 12368" 
OR 
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(e) 


OE 
T= —/6 = 1/180° = —] 
OR 
(f) "m 
r=—4=1 
OR 
(g) pë 
r= —=0 
OR 
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Use the Smith chart to find the normalized input impedance of a lossless line of length / terminated in a 


Exercise 2.17 


normalized load impedance z; for each of the following combinations: (a) / = 0.25, zi, = 1+ j0, (D L = 0.54, z = 1+ jl, 
(c) 1=0.3A, z = 1— jl, (d) | = 1.2À, zj, — 0.5 — j0.5, (e) I — 0.14, z = 0 (short circuit), (f) / = 0.44, zi, = j3, (g) | 2 0.24, 


ZL = œ (open circuit). 


H . 
Solution: 
(a) 
rea 012 013 Em 
ar? 038 037 D. x3 
«Joa 10 E] UMS» 
NS E a s = sp? Lag a, 
$ E 3 Go 
S S ALA 
Oe o S ee E ES 
: PE SP / Sum 
SX MUTA 2 eu S vo 
V P se N 7 MOLX 
X D 
a AG > a \ = f oN D 
S st X v 7 ap 
x j 5 SL z 
Z A » id A e 
A CXA ~ 2 
e pee. XN \ E Jd wt oe 
3 PETS my VK 
JEL OX PS y X OV 7 
^. g Os > re f y A 
As « 
SCIAS DAR, D PR *. $ NOV 
DPA 4 Me $ Ae Pex 
A awa 2 X 
a 6 a 2x 7 One 7 I» 
5 % ` E 
Biel DS LOLZ : CUIRE NE 
EL [S S.L 7 ] 4 ` 2 
a4 S PAL > % AN 4 
sh.) FES JA L $ ae 
TŠ) ‘Ss TY ONA x 7 e 
S - H X " 
£ "d x XS Foe 
Br [ejes | Ie Q 
Ell" HH d 3 
ale E E / als +B 
BTS - Sc xis 
E + Hj m {TF j c au 
J : ` 4 
sls E HH T HFE a eHe aa T R erage 
0.250 à 18|3} t i t { — SIE. 
a 
J EELEE EE CeO reds [ gus D 8 
TO zd t \ 2 r 4 XS B 
«iS ne eX j Siete 
$E y < EIS 
gels ux \ v AX E i 
+ «Xs OUR] I 
B 
"E 
lel. 
LE 
rä 
pi 


Zin = 1 + jO 
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(b) 


5 2 
Sfe| {rs Á nt 
ers j y Z5 » N Ade 
Fi ` x SQ DOS e + 
Sr Jsf 5 A 2 
21 [S = D P a S 
EI H 9 AAG 
E i : A 
^ Es HA H |_| TM Ja 
Atole 3 E 2 a| (asepen LSLTISLCSESES aH z OS Zete 
CIUS LH H4 T i t L 4— $ "m 
dA RESISTANCE COMPONENT (R/ Zo] OR CONDUCTANCE COMPONENT (G/Yol 1 se oef A 
i=) 11 2 bU — d a 
ala E E Í s a Ze. 
ald 3 £] 
EIN \ $ SKS zer 
AHN ae e < c 4 E 
£ c XT X A AE] 
A s c ‘ LK | J 
A » OJER 


zin = 1+ jl 
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ŠTE 
F4 t J |. OE 
ST [sn m A y 
Ble l s 
Ble - \ 

Bis + NR. àol 
E 
2 H { a i H E E 
1 Sa He Ta hist et Sf DSETSESESES sEEHSEES] DS f 
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Chapter 3 Exercise Solutions 


Exercise 3.1 
Exercise 3.2 
Exercise 3.3 
Exercise 3.4 
Exercise 3.5 
Exercise 3.6 
Exercise 3.7 
Exercise 3.8 
Exercise 3.9 
Exercise 3.10 
Exercise 5.11 
Exercise 3.12 
Exercise 3.13 
Exercise 3.14 
Exercise 3.15 
Exercise 3.16 
Exercise 3.17 
Exercise 3.18 


Exercise 3.19 
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Exercise 3.1 Find the distance vector between P;(1,2,3) and P)(—1,—2,3) in Cartesian coordinates. 


Solution: 
PiP = &(x2 — x1) + ¥(y2 — 31) - 2(z2 — 21) 
—£&(—-1—1)4$(-2-2)--2(3 —3) 
= —2 — ĵ4 
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Exercise 3.2 Find the angle 0 between vectors A and B of Example 3-1 using the cross product between them. 


Solution: 


AxB = ĤAB sin 04g 


sin 04g = ins B 
AB 
— |(R2 +93 +23) x (-& — $5 — 2)| 
p V22/27 
_ |-42104-$2--23 — $3 — 93 +215 
E vV22/21 


 $12-$-2|  V144*1449 m 
sf 22/27 © py ` 


O48 = sin! (0.57) = 34.9? or 145.1°. 
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Exercise 3.3 Find the angle that vector B of Example 3-1 makes with the z-axis. 


Solution: 
B-z=Bcos@ 
(—-&—$5—2):2 = V27cos0 
—1 
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Exercise 3.4 Vectors A and B lie in the y-z plane and both have the same magnitude of 2 (Fig. E3.4). Determine (a) A -B 
and (b) A x B. 


Figure E3.4 


Solution: 


(a) 


A-B=ABcos(90° +30°) 
= 2 x 2 x cos 120° 
= —2. 


(b) 


N 


A=y 
B = —$2cos60* + 22cos 30° 
= —$1--21.73 
AxB-—$2x(-$1-4-21.73) 
= £3.46. 
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Exercise 3.5 If A-B = A-C, does it follow that B = C? 


Solution: The answer is No, which can be demonstrated through the following example. Let 


A=Xl, 
B=2+91, 
C=x2+ 792. 
A-B=2, 
A-C=2, 
but 
BFC. 
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Exercise 3.6 A circular cylinder of radius r = 5 cm is concentric with the z-axis and extends between z = —3 cm and 
z = 3 cm. Use Eq. (3.44) to find the cylinder’s volume. 


Solution: 
dy =r dr dọ dz 
5cm 2a 3 cm 
y= f rdr dọ dz 

r=0 $—0 Jz——3 cm 

2|5cm 

=F] x oli «22.8%, 
0 
25 


= FX 2m x6 = 471.2 cm", 
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Exercise 3.7 Point P = (2\/3, 2/3, —2) is given in cylindrical coordinates. Express P in spherical coordinates. 


R= VP+2 = yQv3? (2? =4 


g= S (unchanged) 


— —1 T — —1 V3 EN o ai T 2x 
0 — tan (2) =tan (25) - 60° = sop 


Solution: 
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Exercise 3.8 X Transform vector 
A — &(x- y) - $(y — x) - Zz 


from Cartesian to cylindrical coordinates. 


Solution: 


A — (x+y) +y — x) - 2z 
coso — Ê sing)(rcos@ 4- rsinó) 
+ (sino + à cosó)(rsin$ — rcos@) 4- 2z 
= f (cos?  -- cos ó sin + sin? 0 — cos sing)r 
+ @ (—sin $ cos 9 — sin?  -- sin ọ cos 9 — cos? Q)r + Zz 


= fr—or+iz. 
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Exercise 3.9 Given V = x?y 4- xy? + xz?, (a) find the gradient of V, and (b) evaluate it at (1, — 1,2). 


Solution: 
V = xy Hy +22" 
(a) 
oV oV oV 
vv= e$ —— +2 
fac egy Te 
= &(2xy y^ +27) +$ (x? + 2xy) + 22xz. 
(b) 
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Exercise 3.10 ^ Find the directional derivative of V = rz? cos26 along the direction A = f2 — 2 and evaluate it at (1,7:/2,2). 


Solution: 
V =rz’cos2o 
OV 1aV oV 
VV —f 2 
Sart! gag Be 


42 
= fz? cos 260 —6 cA sin2@ + 22rzcos2ó 
r 


dV 
~_=VV.-4 
dl a 
A 
ep. 
A 
^ ud 4 p A f2—Z2 
= (fz^cos20 — @ 2z“ sin2@ + 2Z2rzcos2¢) - 
v5 
u 22? cos2 — 2rzcos2 
V5 
dV | 2x4cosz —2x 2cosz 
dl | 2/22) v5 


= —4/vV5. 
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Exercise 3.11 The power density radiated by a star [Fig. E3.11(a)] decreases radially as S(R) = So/R?, where R is the 
radial distance from the star and So is a constant. Recalling that the gradient of a scalar function denotes the maximum rate 
of change of that function per unit distance and the direction of the gradient is along the direction of maximum increase, 
generate an arrow representation of VS. 


Figure E3.11 
Solution: 
So 
~ 0 4129 4 1 d \ So 
VS=(R 0 
( aR” R 30 ^ " Rsind DE 
= —R2 >, 
RÈ 
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Exercise 3.12 The graph in Fig. E3.12(a) depicts a gentle change in atmospheric temperature from 7; over the sea to 7> 


over land. The temperature profile is described by the function 


T(x) - Ti c (75 — T)/(e * 1), 


where x is measured in kilometers and x = 0 is the sea-land boundary. (a) In which direction does VT point and (b) at what 


value of x is it a maximum? 


T 


(b) 
Figure E3.12 
Solution: 
D-T 
T = 
0) ud e*+1 
oT 
VT =x — 
Ox 
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Exercise 3.13 Given A = e P (&sin2x + $cos2x), find V-A. 
Solution: 


A =e?” (R sin2x + $ cos 2x) 


9A, OA, OA 
VIAS ox T oy > Oz 


= 9 —2y c; 9 —2y 
= z(e ee cos 2x) 


= 2e? cos2x — 2e?" cos 2x = 0. 
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Exercise 3.14 Given A=frcosd+@rsin@ + 23z, find V -A at (2,0,3). 


Solution: 


A — £rcos ó 4- ó rsinó +23z 


= 2cos $ 4- cos ó +3 
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Exercise 3.15 If E = RAR in spherical coordinates, calculate the flux of E through a spherical surface of radius a, centered 
at the origin. 


Solution: 
E=RAR 


m 20 
fE-ds= | RAR-RR^sin8 40 do|; 
S 0—0 Jó—0 = 


= | —2zAR? cos 0 H 
R=a 


= 4TA@. 
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Exercise 3.16 ^ Verify the divergence theorem by calculating the volume integral of the divergence of the field E of Exercise 


3.11 over the volume bounded by the surface of radius a. 


Solution: 


Divergence Theorem: f V-Edv= $ E-ds 
V S 


From Exercise 3.11, 
jE-4s = 4zAa*. 
S 


For the left side of Divergence Theorem, with E — RAR, 


a ph [2X 
n V-Edy= | n J 3A - R'sin0 dR d8 dọ 
V 0 JO JO 
3AR? |" 
= x (— cos @|5) x mio" 
3 Io 
= AzAa". 


Hence, Divergence Theorem is verified. 
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Exercise 3.17 The arrow representation in Fig. E3.17 represents the vector field A = &x — $ y. At a given point in space, 
A has a positive divergence V - A if the net flux flowing outward through the surface of an imaginary infinitesimal volume 
centered at that point is positive, V - A is negative if the net flux is into the volume, and V- A = 0 if the same amount of flux 
enters into the volume as leaves it. Determine V - A everywhere in the x-y plane. 


Solution: 

—í&x—$y 
OA, OA, OA 

V-A=—— : : 
Ox oy Oz 
_ ox dy 
| Ox oy 
=1-1=0 
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Exercise 3.18 Find V x A at (2,0,3) in cylindrical coordinates for the vector field 


A — f10e 7” coso +210sin@. 


Solution: 


A = £10e ?' cos ġ 4- £10sin ó 
~(10A, 9AQN z (0A, OA, ,1 (90 9A, 
vae (258-52) 46 (m 5: ez (re o) 


=f (235 105n6)) +ô ( $.(106 e050) — 5, 005ino) ) 


ao 
1 9g 
+855 C e ^ cose) 
—2r 
En l0cosó . , 10e ging 
r 
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Exercise 3.19 ^ Find V x A at (3,7 /6,0) in spherical coordinates for the vector field A = 0 12sin. 


Solution: 


Vx A (5.560) = $ 4sin30° = ĝ2. 
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Chapter 4 Exercise Solutions 


Exercise 4.1 
Exercise 4.2 
Exercise 4.3 
Exercise 4.4 
Exercise 4.5 
Exercise 4.6 
Exercise 4.7 
Exercise 4.8 
Exercise 4.9 
Exercise 4.10 
Exercise 4.11 
Exercise 4.12 
Exercise 4.13 
Exercise 4.14 
Exercise 4.15 
Exercise 4.16 
Exercise 4.17 
Exercise 4.18 


Exercise 4.19 
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Exercise 4.1 ^ A square plate in the x-y plane is situated in the space defined by —3 m € x € 3 m and —3 m < y < 3 m. 
Find the total charge on the plate if the surface charge density is given by p, = 4y? (uC/m?). 


Solution: 
ps = 4y? 
Q= fos ds 
S 
3. 3 
> / 4y? dx dy 
—34-—3 
3 
Ayx |" 
= = = 432 uC = 0.432 (mC). 
—3 3 
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Exercise 4.2 A spherical shell centered at the origin extends between R = 2 cm and R = 3 cm. If the volume charge 
density is given by py = 3R x 1074 (C/m?), find the total charge contained in the shell. 


Solution: 
py = 3R x 1074 
Q E py dy 
y 
3 cm x 2x 
_ f 3R x 1074- R? sin 0 dR d0 dọ 
R=2 cm J 0-0 J $—0 
RA 3 cm 
= BE x 10-4 x2x2m- 
2 cm 


= 3m x 1074 [(3 x 107°)4 — (2 x10 -7^] =061 (nO). 
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Exercise 4.3 Four charges of 10 uC each are located in free space at points with Cartesian coordinates (—3,0,0), (3,0,0), 
(0, —3,0), and (0,3,0). Find the force on a 20-uC charge located at (0,0,4). All distances are in meters. 


Solution: 


R, = -&3 
Ro = x3 
R =-93 
Ry = $3 
R=24 
Fi QQ; R-R;  ÁQQi24-«$3 = QQ, (24-483) 


~ Ameo |(R—-Ri  4x& 125 500x& 
_ QQ, R-R»  00524—$3 _ QQ 
4z£yj|R— R5?  4z&j 125 5007:£9 
_ QQ; R-R; _ QQ374+93 _ QQ; 5 
4z£j|R— R3?  4z&9 125 5002 £9 
_ QQ, R-R,  0Q424—-$3 _ QQ, (24—$3) 
4z£yj|R— R4?  4z&j 125 5002 € 9 


F? (24 —&3) 


F; 


F; 


F = F; +F +F; +F, 
. 200x 10°” 32x10- 


20x1 T C —2023 (N). 
sug SERBS IO (N) 
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Exercise 4.4 Two identical charges are located on the x-axis at x = 3 and x = 7. At what point in space is the net electric 
field zero? 


Solution: Since both charges are on the x-axis, the point at which the fields due to the two charges can cancel has to lie on 
the x-axis also. Intuitively, since the two charges are identical, that point is midway between them at (5,0,0). 
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Exercise 4.5 In a hydrogen atom the electron and proton are separated by an average distance of 5.3 x 107!! m. Find the 
magnitude of the electrical force Fẹ between the two particles, and compare it with the gravitational force F, between them. 


Solution: 


| dep —— (1.6 x 1071)? 
* Amz&R? 4r x 8.85 x 107!2(5.3 x 10-11)? 


= 8.2x 1073 N. 


Gmemp — 6.67 x 1071! x 9.11 x 1073! x 1.67 x 1077" -47 
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Exercise 4.6 An infinite sheet of charge with uniform surface charge density p, is located at z = 0 (x—y plane), and another 


infinite sheet with density —p, is located at z — 2 m, both in free space. Determine E in all regions. 


Solution: Per Eq. (4.25), for the sheet at z = 0, 


2—-,  forz»0, 
2€ 
E; = p 
—2-.. forz<0. 
289 


af, forz >2 m, 
E-, a 
| forz<2m. 
£0 
Hence, 
0, for z « 0, 
E = E; +E, = T forü0«z«2m, 
0 
0, forz »2m. 
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Exercise 4.7 Two infinite lines of charge, each carrying a charge density p;, are parallel to the z-axis and located at x = 1 
and x = —1. Determine E at an arbitrary point in free space along the y-axis. 


Solution: 


The distance between either line of charge and a point at y on the y-axis is r = (1+ y?) us 


For line 1, 
$ oT — +y 
oro Q4) 
For line 2, 
> R &-c$y 
r2 = = 


r AA 
Using Eq. (4.33), 


E — E; +E) 

fpi Pop) 
2TEor 278r 

»(C&*$»p +YP _ $pw 
2m€(1+y2) 2z&k(1-4y?)  me&p(y?-1)' 
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Exercise 4.8 


A thin spherical shell of radius a carries a uniform surface charge density p,. Use Gauss’s law to determine E. 
Solution: 


ae 


A 

` 

l 

I 

I 
I 
1 

f 


`a 


Symmetry suggests that D is radial in direction. Hence, 


D — RDg 
ds — R ds 
j[»-as- n ds = Dr(4nR”) = Q 
S S 
Dg Q 


— 4nR2 
e For a Gaussian surface of radius R; < a, no charge is enclosed. Hence, Q = 0, in which case E = 0. 
e For a Gaussian surface of radius R2 > a, 


Q = p,(4za?) 
and . " " 
E- D En. _ RQ E Ritts = g^ l 
E€ € 4meRS = Ame RS ERZ 
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Exercise 4.9 A spherical volume of radius a contains a uniform volume charge density py. Use Gauss's law to determine 


D for (a) R < a and (b) R > a. 


Solution: 


(a) 


For R € a, 
[pas = $o ds = D,(AnR?) 
S S 


Q within a sphere of radius R is 


4 d 
Dm 
Hence, 
2 4 ci 
4nR' Dg = 3ER py 
R x A PyR 
D=% , D=ÊD, =È, R<a 
(b) 
-—m 
Fj US 
r R * 
j \ 
I \ 
, \ 
\ l 
1 I 
\ rj 
` / 
/ 
" 4 
` Pd 
Rl ENT d 
R»a 
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For R > a, total charge in sphere is 


Q = na 
3 a py, 


4 
ATR? Dr = 374 Pv, 


3 
— ap. — pe! 
SRDS RS R>a. 
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Exercise 4.10 | Determine the electric potential at the origin due to four 20-uC charges residing in free space at the corners 
of a2 m x 2 m square centered about the origin in the x-y plane. 


Solution: 


For four identical charges all equidistant from the origin: 


4Q 


4z£)R , v2 Hn) 
|.4x20x10 5$ — /2x105 (v) 
4n£)v/2 T£ l 
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Exercise 4.11 ^ A spherical shell of radius R has a uniform surface charge density ps. Determine the electric potential at 
the center of the shell. 


Solution: Application of (4.48b): 


1 s 
V(R) Ps as 


~ gne s R' 

= - p,(4xR? 
nek PR) 
z 
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Exercise 4.12 Determine the density of free electrons in aluminum, given that its conductivity is 3.5 x 10’ (S/m) and its 
electron mobility is 0.0015 (m?/V . s). 


Solution: 


o | 3.5 x 107 
Hee 0.0015 x 1.6 x 10-1? 
— 1.46 x 10? electrons/m?. 


Ne = 
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Exercise 4.13 The current flowing through a 100-m-long conducting wire of uniform cross section has a density of 
3 x 10? (A/m?). Find the voltage drop across the length of the wire if the wire material has a conductivity of 2 x 107 (S/m). 


Solution: 

J—oE 

ae 
[0] 

V—EI 
Jl 

m (where / — length of wire) 
3 x 10? x 100 
2 x 107 aM 
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Exercise 4.14 A 50-m-long copper wire has a circular cross section with radius r = 2 cm. Given that the conductivity of 
copper is 5.8 x 10? (S/m), determine (a) the resistance R of the wire and (b) the power dissipated in the wire if the voltage 
across its length is 1.5 (mV). 


Solution: 
(a) 
Be P 50 
| oA  5.8x10? x 1(0.02)? 
— 6.9 x 107* Q. 
(b) 


V? (1.5 x107)? 
rap pIo = MA 
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Exercise 4.15 ^ Repeat part (b) of Exercise 4.14 by applying Eq. (4.80). 


Solution: 
P= for dy 
V 156107 
ES. 53x10? (Vf 
i 50 * vay 
P=o|E;’y 
= 5.8 x 107 x (3 x 105)? x 50 x x(0.02)? 
=3.3 (mW). 
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Exercise 4.16 Find E, in Fig. 4-19 if E; = $2 — $3 + 23 (V/m), € = 2€0, & = 8&0, and the boundary is charge free. 


x-y plane 


Solution: 


E2 —£2—$3--23 (V/m) 


Given that the x-y plane is the boundary between the two media, the x- and y-components of E» are parallel to the boundary, 
and therefore are the same across the two sides of the boundary. Thus, 


Ej — Es —2 
Ey = Ex, = —3. 


For the z-component, 


Eiz: = — Erz = — 3 = 12. 
E 0 


Hence, 
E; =x2—934+212 (V/m). 
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Exercise 4.17 ^ Repeat Exercise 4.16 for a boundary with surface charge density p, = 3.54 x 10~!! (C/m?). 


x-y plane 


Solution: 


From Exercise 4.16, 


For z-component, 


& E1: — £€j E», = ps 
_ £5E»; + Ps 
= zs cm 
| 8€ x 3 +3.54 x 1071! 


Ei. 


280 
3.54 x 1071! 
Es 2 x 8.85 x 10712 
=124+2=14 (V/m). 


Hence, 
E; 2$2—$3--214 (V/m). 
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Exercise 4.18 The radii of the inner and outer conductors of a coaxial cable are 2 cm and 5 cm, respectively, and 
the insulating material between them has a relative permittivity of 4. The charge density on the outer conductor is 


pi = 107^ (C/m). Use the expression for E derived in Example 4-12 to calculate the total energy stored in a 20-cm length of 
the cable. 


Solution: 


_ Pl 
2mer 


1 

w-zf cE? dv 
2Jy 
1 5 


cm 
= -el E? (27r dr) 
2 r=2 cm 


5 cm 2 

= mel ( Pi ) rdr 
2cm 2mer 

B přl f cm dr 

u 4€ 2 cm r 


2 
i ok 
= FE in(5) =a (J). 
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Exercise 4.19 Use the result of Example 4-13 to find the surface charge density p, on the surface of the conducting plane. 


Solution: According to (4.95), 
£y Ei, = Fon, = ps. 


In the present case, E», (in conductor) = 0, €; = € and Ej, is the z-component of the expression given in Example 4-13, 
evaluated at z = 0, namely 


p 20d 1 
ne) (24 yl yn 
Hence, 
Qd 
= €0F in = ; 
Ps 7 P8 Fae + y+ d? i2 
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Exercise 5.1 An electron moving in the positive x-direction perpendicular to a magnetic field experiences a deflection in 


the negative z-direction. What is the direction of the magnetic field? 


Solution: The magnetic force acting on a moving charged particle is 


Fn = qu x B 
In this case, 
q=—e 
u= xu 
Fa = —ĉ Fn 
—iF, = —Rue x B 


For the cross product to apply, B has to be in the positive y-direction. 
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Exercise 5.2 A proton moving with a speed of 2 x 10° m/s through a magnetic field with magnetic flux density of 2.5 T 
experiences a magnetic force of magnitude 4 x 107? N. What is the angle between the magnetic field and the proton’s 
velocity? 


Solution: 
F — quBsin8 
F 
sin @ = —— 
quB 
u 4x10-P 
— L.6x 10-1? x 2 x 106 x 2.5 
=0.5 


0 = sin! 0.5 = 30° or 150°. 
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Exercise 5.3 A charged particle with velocity u is moving in a medium containing uniform fields E 
What should u be so that the particle experiences no net force on it? 


Solution: 


F: = qE = qE 
Fm = qux B = q(ux $ B) 


For net force to be zero, Fm has to be along —X, which requires u to be along +2. Thus, 


qE = quB 
E 

u= — 
B 
„E 

u=ĉ—. 
B 


If u also has a y-component, that component will exercise no force on the particle. 
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Exercise 5.4 A horizontal wire with a mass per unit length of 0.2 kg/m carries a current of 4 A in the +x-direction. If the 
wire is placed in a uniform magnetic flux density B, what should the direction and minimum magnitude of B be in order to 
magnetically lift the wire vertically upward? (Hint: The acceleration due to gravity is g — —29.8 m/s?.) 


Solution: For a length l, 


F, = —20.21 x 9.8 = —2Z1.961 (N) 
Fy = 271 x B 
For Fm +F, = 0, Fy has to be along +2, which means that B has to be along +. Hence, 
1.96] = IIB 
B= nm = 0.49 (T), and 


B — $0.49 (T). 
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Exercise 5.5 A square coil of 100 turns and 0.5-m-long sides is in a region with a uniform magnetic flux density of 0.2 T. 
If the maximum magnetic torque exerted on the coil is 4 x 107? (N-m), what is the current flowing in the coil? 


Solution: 


Tmax = NIABo 


Ties 4x 107? 
NABo 100x (0.5)? x 0.2 
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Exercise 5.6 A semiinfinite linear conductor extends between z = 0 and z = œ along the z-axis. If the current Z in the 
conductor flows along the positive z-direction, find H at a point in the x-y plane at a radial distance r from the conductor. 


Solution: From (5.27), 


a I 
H-6$ 4g; (058i — cos 65) 


For a conductor extending from z= 0 to z = œ, 0; = 0 and 0; = 7. Hence, 
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Exercise 5.7 A wire carrying a current of 4 A is formed into a circular loop. If the magnetic field at the center of the loop 
is 20 A/m, what is the radius of the loop if the loop has (a) only one turn and (b) 10 turns? 


Solution: 
(a) From (5.35), 
H=z : (at z= 0) 
I 4 
$—5575559- (m). 
(b) 
_ NI 
— 2a 
NI 
dm n (m). 
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Exercise 5.8 A wire is formed into a square loop and placed in the x-y plane with its center at the origin and each of its 
sides parallel to either the x- or y-axes. Each side is 40 cm in length, and the wire carries a current of 5 A whose direction is 
clockwise when the loop is viewed from above. Calculate the magnetic field at the center of the loop. 


Solution: 


y 
I 
r 
X 


The direction of the current will induce a magnetic field along —2 (according to the right-hand rule). At the center of the 
loop, each segment will contribute exactly the same amount. Each of the four contributions can be calculated using (5.29) 
with @ replaced with —2: 

Il 


Z . 
2nrV Ar? +02 


H; = 


In this case r = 1/2. Hence, 
H A Il ~ d 
= VA = Z . 
i 2n(1/2) VP D VÀ nl 


Finally, 


AI 


V2 xl 
4 
-2—45 2 $1125 (Alm. 
V2 Tx 0.4 


H = 4H; = -z 
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Exercise 5.9 Current / flows in the inner conductor of a long coaxial cable and returns through the outer conductor. What 
is the magnetic field in the region outside the coaxial cable and why? 


Solution: H = 0 outside the coaxial cable because the net current enclosed by the Ampérian contour is zero. 
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Exercise 5.10 The metal niobium becomes a superconductor with zero electrical resistance when it is cooled to below 
9 K, but its superconductive behavior ceases when the magnetic flux density at its surface exceeds 0.12 T. Determine the 
maximum current that a 0.1-mm-diameter niobium wire can carry and remain superconductive. 


Solution: From (5.49), the magnetic field at r > a from a wire is given by 


I 
H = — > 
2zr' iran 
At the surface of the wire, r — a. Hence, 
Hol 
B= mH = 
Ho 2za E 
I- 2zaB 
Ho 
27 x 0.05 x 107? x 0.12 
4z x 1077 
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Exercise 5.11 The magnetic vector M is the vector sum of the magnetic moments of all the atoms contained in a 
unit volume (1m?). If a certain type of iron with 8.5 x 1075 atoms/m? contributes one electron per atom to align its spin 
magnetic moment along the direction of the applied field, find (a) the spin magnetic moment of a single electron, given that 
me = 9.1 x 107?! (kg) and h = 1.06 x 107^ (J-s), and (b) the magnitude of M. 


Solution: 
@ 19 34 
eh 1.6x10 ^x1.06 x 107 
=~ = —9.3x10 7 (Am?) 
m dn. 2x9.1 x 10-31 seman ~~ Mia) 
(b) 


M =nm, = 8.5 x 1078 x 9.3 x 107-74 =7.9x 10° (A/m). 
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Exercise 5.12 With reference to Fig. 5-24, determine the angle between Hy and fig = 2 if H5 = (&3 +22) (A/m), Un = 2, 


and u, = 8, and J; = 0. 


Solution: 
H, = &34+22 
Hy = Hy = 3 
Hifi; = HoH; 
W2 8 
1z m 2z 2 
Hence, 
H; = %34+28 
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Exercise 5.13 ^ Use Eq. (5.89) to obtain an expression for B at a point on the axis of a very long solenoid but situated at its 
end points. How does B at the end points compare to B at the midpoint of the solenoid? 


Solution: j 
B= i (sin 5 — sin 6j) 
For a point at P with 0; = 0 and 0) = 90°, 
B-2 unl | 5 UNIT 


which is half as large as B at the midpoint. 
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Exercise 6.1 For the loop shown in Fig. 6-3, what is V. if B = $Bocos wt? 


Solution: VT, — 0 because B is orthogonal to the loop’s surface normal ds. 
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Exercise 6.2 Suppose that the loop of Example 6-1 is replaced with a 10-turn square loop centered at the origin and 
having 20-cm sides oriented parallel to the x- and y-axes. If B = 2Box?cos 10?t and By = 100 T, find the current in the circuit. 


Solution: 


0.1 0.1 
= " (2100x? cos 1097) -2 dx dy 
x=—0.1 Jy=—0.1 


0.1 
= (100cos 10°F) «0.2 f x? dx 
—0.1 


3 |0.1 


= 20cos 10?t E 


—0.1 


= 7 cos 10 (0.15 (0.1))) = 13.3 x 10° cos 10°. 


R dt 
Se 2033 x 10 ?cos 105r) = 133sin10?t (mA). 
1000 dt 
At t — 0, d®/dt « 0 and Vem > 0. Since the flux is decreasing, Lenz's law requires Z to be in the direction opposite that 
shown in the figure so that the flux inducted by 7 is in opposition to the trend of d®/dt. Hence, in terms of the indicated 
direction of Z, 


I = —133sinl0?; (mA). 
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Exercise 6.3 For the moving loop of Fig. 6-9, find Z when the loop sides are at y; = 4 m and y? = 4.5 m. Also, reverse 
the direction of motion such that u = —$5 (m/s). 


p 


Solution: Aty; —4mand y; = 4.5 m, 


e 91*^ — 20.1340 (T). 
e 91*^5 — 20.1275 (T). 


Via = [ m6) dl 


-1/2 
- (—$5 x 20.134) -& dx 
1/2 


= 0.671 = 0.67x2=1.340 (V). 


Va = u B(y2)l = 5 x 0.1275 x2 = 1.275 (V) 


= 1.275 — 1.34 
pfe. - aig (mA). 
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Exercise 6.4 Suppose that we turn the loop of Fig. 6-9 so that its surface is parallel to the x-z plane. What would J be in 
that case? 


Solution: Z= 0, because in that case Vi? and V43 would always be equal because both are always at the same value of y, 
and hence the B field is the same for both of them. 
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Exercise 6.5 ^ A poor conductor is characterized by a conductivity o = 100 (S/m) and permittivity € = 4£p. At what 
angular frequency o is the amplitude of the conduction current density J equal to the amplitude of the displacement current 
density Ja? 


Solution: 


J| = o|E| 


àD| o 
Jal = [$P] = yoek] = oje 


If |J| = |Ja|, then o = we, or 


Oo [oj 100 


z = 2 12 
E &£& 4x885x10-2 — 2.82 x 10'* (rad/s). 


e = 


Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics ©2010 Prentice Hall 


Exercise 6.6 ^ Determine (a) the relaxation time constant and (b) the time it takes for a charge density to decay to 1% of 
its initial value in quartz, given that £; = 5 and o = 10^ 7 S/m. 


Solution: 
(a) 
£ && 5x885x10-" 6 
(b) 


p(t) = poe !/® 
Pt 0.01 = 21/512 
Pvo 


In0.01 = — i 


51.2 
t = —51.21n0.01 = 236 days. 
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Exercise 6.7 The magnetic field intensity of an electromagnetic wave propagating in a lossless medium with € = 9€ and 


U = po is given by 
H(z,t) = $0.3cos(105t —kz+ 7/4) (A/m). 


Find E(z,t) and k. 


Solution: 


k = o /u€ = OV Er\/E0Mo 


OV& 10°x3 
cci = — 1 . 
E 3 x 108 (rad/m) 


H(z,t) = &0.3cos(108t —kz+ 7/4) (A/m) 
H(z) = 0.3e /eit/4 


1a 
~ joe? dz 


= ud e Ike in/4 
WE 


(0.3e7 eiT) 


" 0.3 x1 
Y 108 x 8.85 x 10-12 x 9 
= —$37.7e I e)"/4 


e Jk in/4 


E(z,t) = 8e[E(z) e7” 
= —§37.7cos(10°t —z+2/4) (V/m). 
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Exercise 7.1 A 10-MHz uniform plane wave is traveling in a nonmagnetic medium with u = Lo and € = 9. Find (a) the 


phase velocity, (b) the wavenumber, (c) the wavelength in the medium, and (d) the intrinsic impedance of the medium. 
Solution: 


(a) à 
1 1 C 3x10 
Un = = = = = 108 m/s). 
P JHE Hof&w&  V& v9 TUN 
(b) , 
o 2nzxx10 
i 2 2 2 
T T T 
p^ Aer um 
(d) 


n= [t= pm. o io ri 
£ & JE 3 
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Exercise 7.2 The electric field phasor of a uniform plane wave traveling in a lossless medium with an intrinsic impedance 
of 188.5 Q is given by E = ĉ 10e~/4*” (mV/m). Determine (a) the associated magnetic field phasor and (b) the instantaneous 


expression for E(y,1) if the medium is nonmagnetic (u = Uo). 


Solution: 


(a) E is along +2 and the wave direction k is along +9. It follows that His along Kx E = $ x 2E = &E. Hence, 


" -3 
H-£ m e JAY $5367 (Asm). 


(b) From the given coefficient of y, 
k=4mr (rad/m). 


2 2 
&= No = 377 —4 
7 188.5 
1 c 3 x 108 


“= VHÉ Ve 2 


From 1 = no/ V£; 


—1.5x105 (m/s). 


Q = kup —- 4n x 1.5 x 108 —6z x 108 (rad/s). 
E(z,t) = Re[E(z) e2] 


= ĉ10cos(@t — ky) 
= 210cos(6z x 105: — 47y) (mV/m). 
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Exercise 7.3 — If the magnetic field phasor of a plane wave traveling in a medium with intrinsic impedance 7 = 100 Q is 
given by H = (¥10+220)e~/4* (mA/m), find the associated electric field phasor. 


Solution: 7 
H = (¥10+220)e/*  (mA/m) 


The phase factor of H denotes that k = &. 
E=—nkxH 
= —100[& x ($10--220)]e 7 x 10? 
—(—24-$2)e-)* (Vim). 
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Exercise 7.4 Repeat Exercise 7.3 for a magnetic field given by 


H = 9(10e~/3* — 20e3*)_ (mA/m). 


Solution: B l l 
H =9(10e/** —20e™) (mA/m) 


This magnetic field is composed of two components, one with amplitude of 10 (mA/m) belonging to a wave traveling along 
+X and another with amplitude of 20 (mA/m) belonging to a separate wave traveling in the opposite direction (—&). Hence, 


we need to treat these two components separately: 
H = H, + H» 
with 


Hı —$10e7*  (mA/m), 
H, = —$20e 7)*  (mA/m). 


For the first wave: 
E; = —nk x Hi; 
= —100(& x $10e 7) = —2e 7* (V/m). 
For the second wave: 
E; = —100[-& x (—§ 20e**)] 
= —22e* (V/m). 
E= E, +E, 
—-% (e + 2e/*) (V/m). 
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Exercise 7.5 The electric field of a plane wave is given by 
E(z,t) = &3cos(@t — kz) 4- $4cos(ct — kz) (V/m). 


Determine (a) the polarization state, (b) the modulus of E, and (c) the inclination angle. 


Solution: 
(a) Since the x- and y-components are exactly in phase with each other, the polarization state has to be linear. This can 
also be ascertained by verifying that x = 0. From the given expression for E(z,t), 6, = 6, = 0. Hence, ô = ô, — 6, = 0. 


y 4 
yo = tan! (3) = tan”! 37 53.15, 


ay 
sin2x = (sin2yo) sind = 0 
X =0. 


(b) [E] = [E2 + E?]'/? = 5 cos(@t — kz) (V/m). 


(c) From part (a), Wo = 53.1°. 
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Exercise 7.6 If the electric field phasor of a TEM wave is given by E= ($ —2j)e~/™, determine the polarization state. 


Solution: 
-j= e I. o)T/2 — ep in/2 


Hence, 


It follows that 


Since a, = a; = 1 and 6 = —7//2, the wave is RHC. 
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Exercise 7.7 ^ The constitutive parameters of copper are u = [lo = 4z x 1077 (H/m), € = £o ~ (1/367) x 107? (F/m), 
and o = 5.8 x 107 (S/m). Assuming that these parameters are frequency independent, over what frequency range of the 
electromagnetic spectrum [see Fig. 1-16] is copper a good conductor? 


Solution: Good conductor implies that 


o 
— = — > 100 
€ OE 


or 
(oy 
—2 — — 
E TE 
o 5.8 x 107 
= = 1.04 x 10/6 Hz. 
I< 500ne — 200 x (1/362) x 10-9 d 7 
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Exercise 7.8 ^ Over what frequency range may dry soil, with €: = 3, 4 = 1, and o = 107^ (S/m), be regarded as a low-loss 
dielectric medium? 


Solution: Low loss dielectric implies that 


or 


1000 — 100 x 107* 
2TE £0 2m x3x(1/36z) x 10 


-g = 60 MHz. 
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Exercise 7.9 For a wave traveling in a medium with a skin depth 6,, what is the amplitude of E at a distance of 36, 
compared with its initial value? 


Solution: For a wave traveling in the z-direction: 
[E (z)| = [Bole ® = |Bole~*/* 
where we used the fact that 6, = 1/a. At z= 36,, 


|E(z = 36,)| 


—3 
=e ~=0.05=5%. 
|Eo| 
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Exercise 7.10 Convert the following values of the power ratio G to decibels: (a) 2.3, (b) 4 x 10°, (c) 3 x 1077. 


Solution: 
(a) 101og2.3 = 3.6 dB. 
(b) 10log4 x 10? = 101og4 + 10 log 10? = 6 +30 = 36 dB. 
(c) 10log3 x 10? = 10log3 + 101og 107? = 4.8 — 20 = — 15.2 dB. 
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Exercise 7.11 Find the voltage ratio g in natural units corresponding to the following decibel values of the power ratio G: 
(a) 23 dB, (b) —14 dB, (c) —3.6 dB. 


Solution: 
(a) 
10log G = 23 dB 
23 
logG = — =2. 
ogG 10 3 
G — 10?? — 199.53 
g = VG = V199.53 = 14.13. 
(b) 
10log G = —14 dB 
logG = —1.4 
G = 10714 = 0.04 
g=VG=0.2. 
(c) 
10logG = —3.6 dB 
logG = —0.36 
G = 107096 = 0.436 
g = VG — 0.66. 
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Exercise 8.14 
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Exercise 8.1 To eliminate reflections of normally incident plane waves, a dielectric slab of thickness d and relative 
permittivity € is to be inserted between two semi-infinite media with relative permittivities €,, = 1 and &, = 16. Use the 
quarter-wave transformer technique to select d and €,,. Assume f = 3 GHz. 


Solution: The quarter-wave transformer technique requires that the in-between layer be À /4 thick (as well as 1/4 plus 
multiples of A /2) and that its characteristic impedance be related to the impedances of the two media as follows: 


n? = mnm. 


Thus, 
Ho _ Ho Ho 
ErE0 E1 E0 Er2 E0 
or 
& = yV EnEn = V1 x 16=4. 
At 3 GHz, 
4 Ao c 3 x 108 eo 
V& fV& 3x109/4 — 
Hence, à " 
n 
d= rar (1.25+2.5n) (cm). 
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Exercise 8.2 Express the normal-incidence reflection coefficient at the boundary between two nonmagnetic, conducting 
media in terms of their complex permittivities. 


Solution: From (8.24a): 


r= Tlc2 — Nel 


Tlc2 + Tlci 
[Ho _ [Mo 
£c2 Ec1 V E1 — V Ec2 


—o fme, [o VEL VERS 
£c? £cl 
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Exercise 8.3 ^ Obtain expressions for the average power densities in media 1 and 2 for the fields described by Eqs. (8.22a) 
through (8.23b), assuming medium 1 is slightly lossy with Ne, approximately real. 


Solution: With y, = 0 + ji, 
E, (z) = RE} (e~ (e * BO: -E Tel +iB1)2) 


Ei * l 
H; (z) = $ A (e (& —jpi)z m *e(**jB)e) 
cl 


Re 0 le 2085... Te pre j2piz +Teliz] 


* 


For rj. approximately real, T]? © Nc, 


ESI 
Say, —2 
= 2Nc1 


Ce |r22202) -Se[- L*e Bz 4 Teb } 


With P = |D|e/* and y = 2iz 4- Or, let us consider the last two terms: 


9Re[-T* e ?Biz 4 Tei] = Ref- ID]e 7v + |e] 
= SRe[- || cos y+ j|l'| sin y + |I| cos y + j|T|sin y] 
= SRe[j2|E | sin y] 
=0. 
Hence, , 
Sm =2 IOI” (4-202 Ipfe 
2Nc1 


For the wave transmitted into medium 2, 


QNT. 
Say, = ze x H,| 


= me s tEje (B3: y g e Fo)” IL mio 
2 : 


Neo 
EP 1 
= app E e 20 Re (=) . 


* 
Neo 
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Exercise 8.4 In the visible part of the electromagnetic spectrum, the index of refraction of water is 1.33. What is the 
critical angle for light waves generated by an upward-looking underwater light source? 


Solution: 
P = n» 1 
sin 0, = m 158^ 
0.— sin! RS — 48.8? 
T 1387 
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Exercise 8.5 If the light source of Exercise 8.4 is situated at a depth of 1 m below the water surface and if its beam is 
isotropic (radiates in all directions), how large a circle would it illuminate when observed from above? 


Solution: 


r—imxtanO, 
= tan48.8? = 1.14 m 


d — 2r = 2.28 m. 


Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics ©2010 Prentice Hall 


Exercise 8.6 If the index of refraction of the cladding material in Example 8-5 is increased to 1.50, what would be the 
new maximum usable data rate? 
Solution: 
CN 
H 2Ing(ng — nc) 
3 x 105 x 1.50 
~ 2x 103 x L52(1.52 — 1.50) 


Jo 


=7.4 (Mb/s). 
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Exercise 8.7 A wave in air is incident upon a soil surface at 0; = 50°. If soil has €, = 4 and u, = 1, determine I, T1, I, 


and Tj. 
Solution: Using (8.60), 


cos 6; — 4/ (£&2/£1) — sin? 6; 


T= 
cos 6; + 4/ (£2/€1) — sin? 6; 


| cos50° — V4—sin*50° _ bald 


cos 50° ++/4—sin250° 
t, 21-4 T, 251—048 0.52. 
Using (8.68), 


— (£2/&1) cos 0; - (€2/€1) — sin? 0; 


(£5/£1) cos 0; 4- (€2/€1) — sin? 0; 
—4cos 50° + v 4— sin? 50° _ 


= — —0.16. 
4cos 50? + /4 — sin? 50° 
in& — "sing, — + sin50° — 0.383 
sin P PU = U. 
0, = 22.5°. 
cos 6, cos 50? 
eU D = (1— 0.16 = 0.58. 
"i UNE I cos. ( ) 0522.55 
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Exercise 8.8 ^ Determine the Brewster angle for the boundary of Exercise 8.7. 


Og = tan! 4/ = = tan! V4 = 63.4°. 
1 


Solution: 
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Exercise 8.9 Show that the incident, reflected, and transmitted electric and magnetic fields given by Eqs. (8.65a) through 
(8.65f) all have the same exponential phase function along the x-direction. 


Solution: With the help of Snell’s laws of reflection and refraction (Eqs. (8.55) and (8.56)), the x-components of the 
exponential phase functions are: 


i 


E ES eg jkixsin 6; 

Al eg jkixsin 6; 

E " e J'axsin 6 — g BM (6; = 0,) 

H m~ g` dkixsin 6 = eres, (0; = 6,) 

Ey oe ena — e~shixsing; ky sin @ = ky sin @, 
H, e Jen — Jkixsings ky sin @, = ky sin 6}. 
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Exercise 8.10 For a square waveguide with a = b, what is the value of the ratio E, / E, for the TM;; mode? 


Solution: According to the expressions for E, and E, given by Eqs. (8.104a and b), 


E,  tan(z 
E VI tan(zty/a) for TM). 
E, tan(zx/a) 
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Exercise 8.11 What is the cutoff frequency for the dominant TM mode in a waveguide filled with a material with €; = 4? 
The waveguide dimensions are a = 2b = 5 cm. 


Solution: For TM, Eq. (8.106) gives 


j _ 3x10 1 P 1 
H= a4 |\5x 10 2.5 x 10-2 


= 3.35 x 10? Hz = 3.35 GHz. 


1/2 
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Exercise 8.12 What is the magnitude of the phase velocity of a TE or TM mode at f = finn? 
Solution: According to Eq. (8.108), at f = fmn, Up = ©. 
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Exercise 8.13 What do the wave impedances for TE and TM look like as f approaches finn? 


Solution: According to Eqs. (8.109) and (8.111), at f = finn, Zre becomes infinite and Zp becomes zero, resembling an 
open circuit and short circuit, respectively. 
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Exercise 8.14 What are the values for (a) up, (b) ug, and (c) the zigzag angle 0' at f = 2f\o for a TE; mode in a hollow 
waveguide? 


Solution: For a hollow waveguide, 


C C 
2 vA-(fi/2fi) 1-1/4 | 
Ug = cy/ 1 — 1/4 = 0.87c. 


6’ = tan`! ( : = 30°. 
(2fio/ fo)? — 1 


1.15c. 
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Exercise 9.1 — A 1-m-long dipole is excited by a 5-MHz current with an amplitude of 5 A. At a distance of 2 km, what is 
the power density radiated by the antenna along its broadside direction? 


Solution: At 5 MHz, 


c 3x10 
À f^ 5x10 7 60 m 
From (9.14), 
15212 (1\? 
So= = 
R? \a 
2 2 
= Gx I x (a) —82 x 10-5 Wim’. 
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Exercise 9.2 ^ An antenna has a conical radiation pattern with a normalized radiation intensity F(0) = 1 for 0 between 
0? and 45? and zero intensity for 0 between 45° and 180°. The pattern is independent of the azimuth angle @. Find (a) the 
pattern solid angle and (b) the directivity. 


Solution: 
(a) From (9.21), 
oes n F(0,0)dQ 
Az 
45° 2m 
= f sin d6 do 
=0 J$—0 
= —27 cos 0|§ = —2z2(cos45? — cos0?) = 1.84 sr. 
(b) a 
T T 
D= — = — — 6.83. 
oa 95 
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Exercise 9.3 The maximum power density radiated by a short dipole at a distance of 1 km is 60 (nW/m?). If Jo = 10 A, 


find the radiation resistance. 
s, Dm (I j 
OTR AMA 


l 2i 
Ra = 8007 (=). 
i (3) 


Raa = 807? ( SoR? ) 


Solution: From (9.14), 


and from (9.35), 


Hence, 


1571 
— 80m Sok? 
"X38 R 
80m 60x 107? x (103)? E 
MU T — 100-10 mQ. 
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Exercise 9.4 For the half-wave dipole antenna, evaluate F(0) versus 0 in order to determine the half-power beamwidth 
in the elevation plane (the plane containing the dipole axis). 


Solution: From (9.44), 
cos((r/2) cos 6)” 
sin 0 l 


F(0)— | 


To find 0 at which F (0) = 0.5, 
cos|(z/2) cos 0] 


= (0.5)! = 0.707. 
sin 0 ( ) 


Because this equation has no straightforward way for solving for 0, an alternative approach is to calculate F (0) versus 0 
numerically and to note the angle at which F(0) = 0.5. Such an approach leads to 0 = 39°. The beamwidth is twice this 
value, 

BP =78°. 
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Exercise 9.5 If the maximum power density radiated by a half-wave dipole is 50 (W/m?) at a range of 1 km, what is the 
current amplitude Jy? 


Solution: From 


TE 1515 
max TR? ’ 
R2 1 342 1 67 1/2 
lb = ma = [PUES 9 = 3.24 A. 
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Exercise 9.6 The effective area of an antenna is 9 m?. What is its directivity in decibels at 3 GHz? 


Solution: At 3 GHz, 


8 
12£.3x10 dan 
f 3x10? 
ARA, | 4Amx9 
D= = = 11310 = 40.53 dB. 
A? (0.1)? 
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Exercise 9.7 At 100 MHz, the pattern solid angle of an antenna is 1.3 sr. Find (a) the antenna directivity D and (b) its 
effective area Ae. 


Solution: At 100 MHz, 


a= =m 
t "T 
Qp 13 
i A?D 3?x9.67 
Asp a = 6.92 m? 


Fawwaz T. Ulaby, Eric Michielssen, and Umberto Ravaioli, Fundamentals of Applied Electromagnetics ©2010 Prentice Hall 


Exercise 9.8 If the operating frequency of the communication system described in Example 9-4 is doubled to 12 GHz, 
what would then be the minimum required diameter of a home receiving TV antenna? 


Solution: P, remains the same, but with all other parameters remaining the same, Prec will increase by a factor of 4 because 
Pec is proportional to 1/A? and A = c/f. This means that we can maintain Prec the same by reducing A, by a factor of 4, or 
equivalently by reducing d, by a factor of 2 down to 2.55/2 = 1.27 m. 
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Exercise 9.9 A 3-GHz microwave link consists of two identical antennas each with a gain of 30 dB. Determine the 
received power, given that the transmitter output power is 1 kW and the two antennas are 10 km apart. 


Solution: 


pi 2 
Prec = PGG; (zx) 


P, — 10? W, G, — G, — 10? (30 dB), 


A=-=——=0.1m, R=10'm. 
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Exercise 9.10 The effective area of a parabolic dish antenna is approximately equal to its physical aperture. If the 
directivity of a dish antenna is 30 dB at 10 GHz, what is its effective area? If the frequency is increased to 30 GHz, what will 
be its new directivity? 


Solution: At 10 GHz, 


ae c 
f 10x 109 B 
2D i 2 10? 
go 4B. gare: 
An 4T 


If f is increased to 30 GHz (by a factor of 3), À becomes smaller by a factor of 3 and D larger by a factor of 9. Hence, 


D —9 x 10? = 39.44 dB. 
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Exercise 9.11 Verify that Eq. (9.86) is a solution of Eq. (9.85) by calculating sinc?t for t = 1.39. 


; 2 2 
202 sin 1.39 0.98 
1.39 = | —— | = | — | —05. 
ee ad ( 1.39 (9) ^99 


Solution: Fort = 1.39 rad, 
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Exercise 9.12 With its boresight direction along z, a square aperture was observed to have half-power beamwidths of 3° 
in both the x-z and y-z planes. Determine its directivity in decibels. 


Solution: Using (9.96) and with 


o 3xz 
Bes 30° ^ 0.0524 rad, 
4r Az 


D = = 4583.66 = 36.61 dB. 


~ B«B. (0.05249 
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Exercise 9.13 What condition must be satisfied in order to use scalar diffraction to compute the field radiated by an 
aperture antenna? Can we use it to compute the directional pattern of the eye’s pupil (d = 0.2 cm) in the visible part of the 
spectrum (A = 0.35 to 0.7 um)? What would the beamwidth of the eye’s directional pattern be at A = 0.5 um? 


Solution: Scalar diffraction is applicable when the aperture dimensions are much larger than A, which certainly is the case 
for the eye's pupil (d/A = 0.2 cm/0.5 um = 4000). 


À 1 4 
B~ 7 (z) = 2.5 x 10 rad 


_ 25% 10 x 180 


T 
= 0.0143° 


= 0.86' 


where 60’ = 1°. 
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Exercise 9.14 Derive an expression for the array factor of a two-element array excited in phase with ao = 1 and a; = 3. 
The elements are positioned along the z-axis and are separated by À /2. 


Solution: Applying (9.110) with ao = 1, a; —3, yo = y; =0, and d = A/2, 


F,(0) = |1--3e/02/200./2)c050 E 


= |1 4+ 3e/teos8 |? 

= (14 3e/70958) (1 4 3¢—J70088) 
= [1 +9 +3 (e7709 4.4 does 
= [10 + 6cos(z cos 0)]. 
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Exercise 9.15 An equally spaced N-element array arranged along the z-axis is fed with equal amplitudes and phases; that 
is, A; = 1 fori = 0,1,...,N — 1. What is the magnitude of the array factor in the broadside direction? 


Solution: Application of (9.107) with A; = 1 for all i, 


2 
F,(8) = 


N-1 
Y, PU I 
i=0 
= 1 + eskdcos @ 4 el2kdcos® |... 4 S (N—-1)dcos0 


Along the broadside direction (0 = 90°), 


F,(90°) = |1+1+1+4+---+1)? 
—N?. 
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Chapter 10 Exercise Solutions 


There are no exercises for Chapter 10. 
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